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We investigate the distributions of quantum coherence characterized by superadditivity
relations in multipartite quantum systems. General superadditivity inequalities based on
the αth (α > 1) power of l1 norm of coherence are presented for multiqubit states, which
include the existing ones as special cases. Our result is shown to be tighter than the existing
one by a specific example.
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I. INTRODUCTION
Quantum resource theories [1–4] provide an extraordinary framework for studying fundamental prop-
erties of quantum systems. Quantum coherence arising from the principle of quantum superposition is
an essential feature of quantum mechanics, which marks the departure of quantum world from classical
realm. In recent years, the comprehensive formulation of the resource theory of coherence was presented
[5–9] (see review papers [10, 11]). As an important quantum resource, coherence plays a significant role
in many areas such as quantum biology [12], quantum metrology [13] and thermodynamics [14, 15].
Quantification of coherence is an essential ingredient not only in the theory of coherence but also in
the practical application. A rigorous framework for the quantification of coherence is introduced [5] and
various computable and meaningful measures of coherence are identified [16–20]. By means of measures
of coherence, the issue of the distributions of quantum coherence can be characterized in a quantitative
way known as superadditivity relation. For a given bipartite quantum state ρAB , the superadditivity
relation is
C(ρAB) > C(ρA) + C(ρB), (1)
where C is a coherence measure, ρA = trB(ρAB) and ρB = trA(ρAB) are the reduced density matrices.
In [21], the superadditivity relation for bipartite quantum states was established based on the relative
entropy of coherence. Later, the superadditivity relation was generalized to the case of tripartite pure
states [22]. A sufficient condition to identify the convex roof coherence measures fulfilling the superad-
ditivity relations was provided in [23]. In [24, 25], superadditivity relations in multiqubit systems has
been deeply investigated by the use of l1 norm of coherence Cl1 .
In this paper, we show that superadditivity inequalities related to the αth (α > 1) power of Cl1 for
multiqubit systems can be further improved. We establish a class of tight superadditivity inequalities in
multiqubit systems based on αth power of l1 norm of coherence Cl1.
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2II. STRONG SUPERADDITIVITY RELATIONS
Since a resource framework for quantifying coherence was proposed in [5], a number of quantities
have been proposed to serve as a coherence measure. Among various coherence measures, the l1-norm
of coherence quantifies coherence in an intuitive way. It can be expressed as
Cl1(ρ) =
∑
i 6=j
|ρij |, (2)
which is the sum of the absolute value of the off-diagonal entries of the quantum state.
Before we present our main results, we need the following lemmas.
Lemma 1. For any 2⊗ 2n−1 bipartite state ρAB and β > 1, we have
Cβl1(ρAB) > C
β
l1
(ρA) + C
β
l1
(ρB). (3)
Proof. It follows directly from Cl1(ρAB) > Cl1(ρA) + Cl1(ρB) for any 2 ⊗ 2n−1 bipartite state ρAB
[26], the monotonicity of the function f(x) = xβ for β > 1, and the inequality (x + y)β > xβ + yβ for
x > 0, y > 0 and β > 1.
Lemma 2
[27]
. Suppose k is a real number satisfying 0 < k 6 1, then for any 0 6 x 6 k, there is
(1 + x)α > 1 +
(1 + k)α − 1
kα
xα, (4)
for α > 1.
Thus, we have the following theorems.
Theorem 1. Suppose a real number k satisfying 0 < k 6 1, any n-qubit quantum state ρA1A2···An with
Cl1(ρAi) >
1
k
Cl1(ρAi+1···An) for i = 1, 2, · · · ,m, and Cl1(ρAj ) 6 1kCl1(ρAj+1···An) for j = m+ 1, · · · , n − 1,
1 6 m 6 n− 2 and n > 3, then we have
Cαl1(ρA1A2···An) > C
α
l1
(ρA1) +
(
(1 + k)α − 1
kα
)
Cαl1(ρA2) + · · · +
(
(1 + k)α − 1
kα
)m−1
Cαl1(ρAm)
+
(
(1 + k)α − 1
kα
)m+1
[Cαl1(ρAm+1) + · · ·+ Cαl1(ρAn−1)]
+
(
(1 + k)α − 1
kα
)m
Cαl1(ρAn),
(5)
for all α > 1.
Proof. Due to the superadditivity inequality in (3) for β = 1, the monotonicity of the function f(x) =
3xα for α > 1, and lemma 2, we obtain
Cαl1(ρA1A2···An) > [Cl1(ρA1) + Cl1(ρA2···An)]
α
= Cαl1(ρA1)
[
1 +
Cl1(ρA2···An)
Cl1(ρA1)
]α
> Cαl1(ρA1)
{
1 +
(
(1 + k)α − 1
kα
)[
Cl1(ρA2···An)
Cl1(ρA1)
]α}
= Cαl1(ρA1) +
(
(1 + k)α − 1
kα
)
Cαl1(ρA2···An)
> Cαl1(ρA1) +
(
(1 + k)α − 1
kα
)
Cαl1(ρA2) +
(
(1 + k)α − 1
kα
)2
Cαl1(ρA3···An)
> · · ·
> Cαl1(ρA1) +
(
(1 + k)α − 1
kα
)
Cαl1(ρA2) + · · · +
(
(1 + k)α − 1
kα
)m−1
Cαl1(ρAm)
+
(
(1 + k)α − 1
kα
)m
Cαl1(ρAm+1···An).
(6)
Similarly, as Cl1(ρAj ) 6
1
k
Cl1(ρAj+1···An) for j = m+ 1, · · · , n − 1, we get
Cαl1(ρAm+1···An) >
(
(1 + k)α − 1
kα
)
Cαl1(ρAm+1) + C
α
l1
(ρAm+2···An)
>
(
(1 + k)α − 1
kα
)
[Cαl1(ρAm+1) + · · · + Cαl1(ρAn−1)] + Cαl1(ρAn).
(7)
Combining (6) and (7) gives (5), as desired.
Remark 1. Theorem 4 in [25] is the special case k = 1 of Theorem 1.
Example. Let us consider a 3-qubit state
|ΨA1A2A3〉 =
|0〉+ |1〉√
2
⊗ |0〉 ⊗ |0〉+ 3|1〉√
10
.
After simple computation, we have Cl1(ρA1) = 1, Cl1(ρA2) = 0, Cl1(ρA3) = 3/5, Cl1(ρA2A3) = 3/5. Hence,
we can choose k = 3/5. Let α = 2, then [(1 + k)α − 1]/kα = 39/9 > 3 = 2α − 1. This example shows that
our result is better than the one given in [25].
In fact, Theorem 1 can be generalized to the following Theorem.
Theorem 2. Let k and β be real numbers with 0 < k 6 1 and β > 1. For any n-qubit quantum
state satisfying Cβl1(ρAi) >
1
k
Cβl1(ρAi+1···An) for i = 1, 2, · · · ,m, and C
β
l1
(ρAj ) 6
1
k
Cβl1(ρAj+1···An) for j =
m+ 1, · · · , n− 1, 1 6 m 6 n− 2 and n > 3, we have
Cαβl1 (ρA1A2···An) > C
αβ
l1
(ρA1) +
(
(1 + k)α − 1
kα
)
Cαβl1 (ρA2) + · · · +
(
(1 + k)α − 1
kα
)m−1
Cαβl1 (ρAm)
+
(
(1 + k)α − 1
kα
)m+1
[Cαβl1 (ρAm+1) + · · ·+ C
αβ
l1
(ρAn−1)]
+
(
(1 + k)α − 1
kα
)m
Cαβl1 (ρAn),
(8)
for all α > 1.
4Proof. Inequality (8) can be proved in the same way as (5).
Remark 2. When β = 1, Theorem 2 reduces to Theorem 1. Note that, not all coherence measures
satisfy superadditivity relation like inequality (1) for all quantum states. The method in Theorem 2 can
be applied to derive tighter superadditivity inequalities for the case of xth(x > 1) power of coherence
measure satisfying superadditivity relation.
III. CONCLUSION
In this paper, we have focused on the distributions of quantum coherence characterized by super-
additivity relations. Tighter superadditivity inequalities related to αth (α > 1) power of l1 norm of
coherence Cl1 for qubit systems are proposed. These new inequalities hold in a tighter way and give rise
to finer characterizations of the distributions of coherence. Our result can provide a reference for a better
understanding of coherence properties of multipartite quantum systems.
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